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The ongoing observations of merging black holes by the instruments of the fledging gravitational
wave astronomy has opened the way for testing the general relativistic Kerr black hole metric and,
at the same time, for probing the existence of more speculative horizonless ultracompact objects. In
this paper we quantify the difference that these two classes of objects may exhibit in the post-merger
ringdown signal. By considering rotating systems in general relativity and assuming an eikonal limit
and a third-order Hartle-Thorne slow rotation approximation, we provide the first calculation of the
early ringdown frequency and damping time as a function of the body’s multipolar structure. Using
the example of a gravastar, we show that the main ringdown signal may differ as much as a few
percent with respect to that of a Kerr black hole, a deviation that could be probed by near future
Advanced LIGO/Virgo searches.
I. INTRODUCTION
With the direct observation of merging black hole bina-
ries by the LIGO detectors [1–4], the last two years saw
the metamorphosis of gravitational waves (GWs) from
a mostly theoretical concept to a tangible astrophysical
tool. With many more detections to come in the near fu-
ture, unprecedented precision tests of general relativity
(GR) are already within reach [5–7].
One of the most exciting prospects in this context is
to probe the Kerr spacetime of rotating black holes as a
unique prediction of GR. This signature property of the
theory can be tested by observations of the final ring-
down signal of the merger remnant and the extraction of
its quasi-normal mode (QNM) frequencies and damping
times (see [8, 9] for a review), a “black hole spectroscopy”
technique [10–12] akin to atomic line spectra.
Over the years, however, theorists have proposed a
number of alternative GR models of ultracompact ob-
jects (UCOs) that could be easily mistaken (by ordinary
photon astronomy) for black holes while in fact they are
horizonless and made of some kind of exotic matter (such
as scalar fields or anisotropic/negative pressure fluid).
Loosely speaking, these objects are defined as being com-
pact enough as to allow the Schwarzschild photon ring
radius (rph = 3M in geometric units c = G = 1, where
M is the mass) to lie outside the body’s surface. Ordi-
nary neutron stars clearly fail to meet this requirement
(nor are massive enough for that matter) but exotic ob-
jects such as gravastars, bosons stars, etcetera fit the bill
more than enough (see [13] for a recent review).
There is an intimate connection between the photon
ring (which is roughly located at the maximum of the
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exterior spacetime wave potential) and the fundamental
QNM. Indeed, a black hole ringdown (as the one ob-
served in the first detection GW150914 [1]) is dominated
by the fundamental mode and physically represents radi-
ation backscattered at the photon ring/potential peak.
Recent work [14–16] uses the photon ring/QNM link
to claim indistinguishability between non-rotating black
holes and UCOs. Although these two classes of systems
are known to support markedly different QNM spectra,
they nevertheless display similar ringdown waveforms –
this is a consequence of these objects sharing the same
Schwarzschild wave potential/photon ring in the exterior
spacetime as enforced by Birkhoff’s theorem (see [17] for
an early discussion on the subject).
The similarity in the black hole/UCO ringdown could
be a potentially serious problem for GW-based tests of
GR, but there are at least two ways to lift the degener-
acy. First, UCOs are known to support slowly damped
w-modes in the “cavity” formed between the wave poten-
tial’s peak and the body’s center/surface [18, 19]. These
modes show up at a later part of the signal in the form of
“echoes” [16, 20], a feature that is absent in the ringdown
of garden-variety black holes. In fact, the w-modes may
even modify the ringdown from the very beginning, as is
the case for compact gravastars [21, 22]. Second, the as-
trophysical existence of UCOs continues to be questioned
and to attract strong criticism due to the lack of realistic
formation mechanisms and the intrinsic instabilities that
these objects may suffer [23–27].
In this paper we revisit the topic of black hole/UCO
ringdown indistinguishability by considering rotating sys-
tems which are not constrained by Birkhoff’s theorem
to share the same exterior spacetime structure and thus
could provide another observational “handle” for dis-
cerning the nature of ultracompact objects. Adopting
a somewhat empirical attitude, we focus on the early
(and strongest) part of the ringdown signal associated
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2with the photon ring while we remain agnostic about the
presence of late-time echoes or the stability of the UCO
itself. By means of a slow-rotation expansion, and work-
ing within the framework of GR, we obtain the exterior
spacetime metric associated with an arbitrary stationary-
axisymmetric UCO as a function of the mass, spin and
higher multipole moments. This metric is then used to
calculate the photon ring properties (orbital frequency,
Lyapunov decay rate). Knowledge of these parameters
allows the calculation of the ringdown signal’s frequency
and damping rate within the eikonal limit approximation,
a well-established technique in the context of Kerr black
holes [8, 9, 28–34]. As an illustrative example, we con-
sider a thin-shell gravastar and compare its approximate
ringdown against that of a Kerr black hole.
II. CONSTRUCTING THE UCO SPACETIME
A rotating UCO is assumed to be a stationary and
axisymmetric body and therefore its spacetime structure
can be described as (here we adopt spherical coordinates
{r, θ, ϕ}),
ds2 = −eν [1 + 22 (h0 + h2P2)] dt2
+
(
1− 2m
r
)−1 [
1 + 22
(µ0 + µ2P2)
r − 2m
]
dr2
+ r2
(
1 + 22k2P2
) [
dθ2 + sin2 θ [dϕ
−{Ω− ω1P1 + 2 (w1P ′1 + w3P ′3)} dt]2
]
, (1)
where P`(cos θ) is the standard Legendre polynomial,
{ν,m, µ0, µ2, h0, h2, k2, ω1, w1, w3} are radial functions
and a prime represents a derivative with respect to the
argument. With respect to the body’s angular frequency
Ω, (1) is the O(Ω3) extension of the classic Hartle-Thorne
metric [35, 36], with the bookeeping parameter  indicat-
ing the Ω-order of each term. The functions ν,m give
rise to the ‘background’ spherically symmetric star with
radius R and mass M ≡ m(r > R), while the rest of the
functions are the induced rotational perturbations.
Once the above metric is inserted into the O(Ω3) trun-
cated GR field equations, the resulting expressions can be
solved analytically in the body’s vacuum exterior without
having to appeal to the specific properties of the interior
matter. For the purpose of the present work it is enough
to show the solutions for ω1, w1, w3, the rest of the so-
lutions can be found in the literature, see e.g. [35, 37].
In terms of the dimensionless parameters x = r/M and
χ = S/M2, where S ∼ O(Ω) is the angular momentum,
we have ω1 = Ω− 2χ/Mx3 and
w1 =
χ3
10Mx6
[
−8
(
1 +
3
x
)
+ 20x3 δs
+
5
4
δqx2
{
3x(x− 2)(5x2 − 2x− 4) log
(
1− 2
x
)
+ 2(15x3 − 21x2 − 16x+ 6)
}]
, (2)
w3 = − χ
3
15Mx5
[
2
(
5 +
9
x
)(
1− 2
x
)
− 15
16
x2δs3
{
35
2
x3(3x− 4)(x− 2) log
(
1− 2
x
)
+
7
3
(45x4 − 105x3 + 30x2 + 10x+ 4)
}
+
5
8
xδq
{
315x5 − 735x4 + 210x3 + 34x2 + 52x+ 36
+
3
2
x(x− 2)(105x4 − 140x3 − 12x− 4) log
(
1− 2
x
)}]
.
(3)
The exterior solutions contain a number of unspecified
integration constants that can be cast in a dimension-
less form with clear physical meaning: δm (appearing in
metric functions not shown here) and δs represent the
rotational corrections to the body’s mass and spin,
δM = χ2Mδm, δS = χ3M2δs, (4)
while δq, δs3 describe, respectively, the deviation of the
UCO’s Geroch-Hansen mass quadrupole M2 and spin oc-
tupole S3 moments (note that these are the moments
typically used in formulating “hair theorems” for com-
pact objects, see [38–40] and references therein) from the
corresponding moments of a Kerr black hole,
M2 = −χ2M3 (1− δq) , S3 = −χ3M4 (1− δs3) . (5)
Eventually, all these constants are specified once the
body’s interior metric is calculated and matched to the
exterior via the appropriate surface junction conditions.
III. UCO RINGDOWN PROPERTIES
The rigorous calculation of QNM spectra and ringdown
signals of (at least O(Ω2)) rotating UCOs is still beyond
reach due to the non-separability of the perturbed GR
equations (in fact such calculation is still lacking even
for ordinary rotating neutron stars).
Focusing on the ringdown signal associated with the
potential peak/photon ring, the next best option is to
3work in the short wavelength eikonal limit [8, 9, 28, 29,
31–34] where the ringdown’s frequency and damping rate
are determined by the geodesic photon ring’s angular fre-
quency and Lyapunov exponent, respectively. For Kerr
black holes, where the main ringdown is identified with
the fundamental QNM, this approximation is known to
work extremely well with a typical accuracy of a few per-
cent, see discussion below and Fig. 1. We expect the
same to be true for UCOs although in that case the pho-
ton ring is related with the ringdown but not with the
QNMs themselves [14, 41].
By means of the analytically known exterior metric,
we can produce slow-rotation expressions for the space-
time’s (prograde) photon ring radius rph, angular fre-
quency Ωph and Lyapunov exponent γph. To that end,
we first consider the rph,Ωph, γph equations for a general
axisymmetric-stationary metric gµν(r, θ) [42]:
gϕϕ(g
′
tt)
2 + 2gtt(g
′
tϕ)
2 − g′tt
(
gttg
′
ϕϕ + 2gtϕg
′
tϕ
)
− 2
√
W
(
gtϕg
′
tt − gttg′tϕ
)
= 0, (6)
Ωph = − g
′
tt√
W + g′tϕ
, W = (g′tϕ)
2 − g′ttg′ϕϕ, (7)
γ2ph =
Ω2ph
(
g2tϕ − gttgϕϕ
)
2grr(gtt + Ωphgtϕ)2
(
g′′tt + 2g
′′
tϕΩph + g
′′
ϕϕΩ
2
ph
)
,
(8)
where gµν(r, pi/2) is used for the equatorial photon ring.
The eikonal frequency ωR and damping rate ωI for any
“equatorial” ` = m mode are given by ωR = `Ωph, ωI =
|γph|/2, with ` = 2 being the dominant quadrupole mode.
Inserting the exterior metric in Eqs. (6), (7) and keep-
ing terms up to O(Ω3) we obtain the photon ring radius,
xph = 3− 2χ√
3
− χ2
[
1
27
− 3δm+ 5
4
(
13− 45
4
log 3
)
δq
]
−
√
3
2
χ3
[
4
81
(1 + 27δs− 27δm)− (553− 505 log 3) δq
+
7
4
(148− 135 log 3) δs3
]
, (9)
the ` = 2 ringdown frequency,
MωR =
2
3
√
3
+
4χ
27
+
2χ2
3
√
3
[
11
54
− δm+ 5
(
15
16
log 3− 1
)
δq
]
+
4χ3
81
[
1− 9δm+ 3δs+ 9
64
( 5652− 5125 log 3 ) δq
− 21
128
( 2228− 2025 log 3 ) δs3
]
, (10)
and the damping rate,
MωI =
1
6
√
3
− χ
2
6
√
3
[
4
54
+ δm+
5
8
(15 log 3− 16) δq
]
− χ
3
93312
[
640− 270 (14595 log 3− 16076) δq
+ 945 (2025 log 3− 2228) δs3
]
, (11)
as functions of the UCO’s multipolar structure.
Eqs. (10)-(11) represent the central result of this pa-
per. As far as we are aware these are the most general
expressions in the literature describing the ringdown as-
sociated with the photon ring of an arbitrary axisymmet-
ric and stationary UCO in GR. They can be compared
against the eikonal-limit Kerr QNM/ringdown frequency
and damping rate, expanded to third order with respect
to the dimensionless Kerr parameter a¯ = SBH/M
2
BH, with
SBH and MBH denoting, respectively, the black hole’s to-
tal spin and gravitational mass:
MBHω
K
R =
2
3
√
3
+
4
27
a¯+
11
81
√
3
a¯2 +
4
81
a¯3, (12)
MBHω
K
I =
1
6
√
3
− 1
81
√
3
a¯2 − 5
729
a¯3. (13)
In order to make a meaningful comparison with the UCO
expressions they too ought to be written in terms of
the total mass Mtot = M(1 + χ
2δm) and spin Stot =
χM2(1 +χ2δs). Crucially, this change is imposed by the
identification of Mtot, Stot as the body’s observable mass
and spin. Inspection of (9)-(11) reveals that changing
M →Mtot, χ→ χtot = Stot
M2tot
= χ+χ3(δs−2δm), (14)
amounts to setting δm = δs = 0 in these equations since
the two parameters are completely “absorbed” in the to-
tal mass and spin. Once this is done, the modified expan-
sions (10) and (11) allow a key conclusion to be drawn:
the photon ring-related ringdown of a rotating UCO does
not match that of a Kerr black hole, the difference origi-
nating from the multipolar deviations {δq, δs3}. To make
this statement quantitative we will have to consider a
particular example of UCO.
IV. APPLICATION: THIN-SHELL GRAVASTAR
As an illustrative application of the UCO formalism
we consider the so-called thin-shell gravastar model [43].
This is a ‘star’ consisting of a de Sitter core and a fluid
surface layer. The gravastar’s key property lies in its abil-
ity to have a compactness C = M/R arbitrarily close to
that of a Schwarzschild black hole, CBH = 1/2. Although
a gravastar’s ringdown might be contaminated early on
by its w-modes [22], it is an ideal benchmark for the kind
of physics we are interested in here.
4A O(Ω2) rotating gravastar with a thin shell of vanish-
ing density and finite surface tension has been the sub-
ject of recent work [37]. This model allows an analytic
calculation of the interior metric that can be smoothly
joined across the gravastar surface to the exterior one.
Following Ref. [37] we obtain the quadrupole term δq as
a function of C,
δq =
5
4
C5
∆0
[
2
√
2C(16C2 − 6C − 9)
+ 9(1− 4C2) log
(
1 +
√
2C
1−√2C
) ]
, (15)
where
∆0 =
√
2C
[
2C(8C3 + 9C2 − 12C + 9)
+3(6C2 − 7C + 3) log(1− 2C) ]
− 3
2
log
(
1 +
√
2C
1−√2C
)[
2C(6C3 − 5C2 − 6C + 3)
+ 3(4C3 − 3C + 1) log(1− 2C)
]
. (16)
One also finds ω1(r < R) = 0 which leads to Ω = 2S/R
3.
In order to derive similar expressions for the remaining
constants δs, δs3 we need to add O(Ω3) physics to the
above gravastar model. The interior equations for w1, w3
can be found using the general formalism of Ref. [44]:
w′′1 +
4
r
w′1 = 0, (17)
w′′3 +
4
r
w′3 −
10
r2
(
1− 2Mr
2
R3
)−1
w3 = 0. (18)
A particular characteristic of the gravastar’s structure
is that these equations take a homogeneous form, com-
pletely decoupling themselves from the rest of the metric
functions (unlike what would be the case for, say, a nor-
mal rotating neutron star). This implies that we need
to set w1 = w3 = 0 in the gravastar interior in order to
be able to determine the exterior constants δs, δs3. This
requires the exterior solutions (2), (3) to vanish at the
surface. We then find:
δs = − δq
20C3
[
2C(6C3 − 16C2 − 21C + 15)
+3(8C3 − 12C + 5) log(1− 2C) ]+ 2
5
C3(1 + 3C),
(19)
δs3 =
2
35
[
(1− 2C)∆1
∆2
+
115
4
δq
]
, (20)
where
∆1 = 32C
7(5 + 9C)− δq [ 2C(72C4 + 94C3 + 75C)
+ 3 log(1− 2C)(16C4 + 48C3 + 100C − 75) ] , (21)
∆2 = 2C(4C
4 + 10C3 + 30C2 − 105C + 45)
+ 15(1− 2C)(3− 4C) log(1− 2C). (22)
Eqs. (15), (20) predict a monotonic decay {δq, δs3} → 0
in the ‘BH limit’ C → CBH and therefore the exterior
spacetime of the O(Ω3) gravastar will increasingly look
like a Kerr hole with increasing C, in agreement with the
analysis of [45] for anisotropic fluid stars.
By combining the multipole moment results (15), (20)
with the general formulae (10), (11) we can quantify the
difference in the ringdown between a thin gravastar and a
Kerr black hole. The results are displayed in Fig. 1 in the
form of fractional differences |ωR,I/ωKR,I − 1| as functions
of χtot = a¯ and for different choices of C. We can see
that for a wide range of parameters, 2.001 . R/M .
2.1, and including the most relevant spin for merging
binaries, χtot ≈ 0.7, the differences in the frequency and
damping are ∼ 0.5 − 2% and ∼ 2 − 10% respectively.
These numbers lie about an order of magnitude below the
ringdown accuracy achieved in GW150914 [7]. In terms
of the deviation from the Kerr multipole moments, the
previous numbers translate to 0.05 . {δq, δs3} . 0.3.
Fig. 1 also displays the precision associated with the
two approximations underpinning this work, the slow-
rotation expansion and the eikonal limit. Given the sim-
ilarity between the UCO and Kerr ωR the latter can
serve as a precision template (the error in ωI is similar
and therefore not shown). The error associated with the
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FIG. 1. Gravastar vs Kerr black hole ringdown. Top: the frac-
tional difference in the ringdown frequency ωR (solid curves)
and damping rate ωI (dashed curves) as a function of the
total spin χtot, Eq. (14), for a thin shell gravastar of ra-
dius R/M = 2.1, 2.01, 2.001. The vertical line marks the
typical spin of the observed post-merger remnants while the
thick horizontal bands represent the accuracy of the mea-
sured ringdown frequency (solid) and damping time (dashed)
of GW150914. Bottom: the precision of the slow-rotation ap-
proximation is shown as the fractional difference in the Kerr
ωR between each of the O(a3) and O(a4) expansions and the
full eikonal result (middle and bottom curve, respectively).
The top curve represents the fractional precision of the eikonal
approximation with respect to the numerical Kerr ωR.
5eikonal limit is 5 − 6% and has been estimated by com-
paring the full eikonal expression (see [29] for details)
against the exact numerical value of the fundamental
Kerr QNM (computed with the help of the fit formula
of [42]). The fractional difference of the O(a3) expan-
sion (12) with respect to the full eikonal result is . 6%.
As this lies below the eikonal limit error for any spin
a . 0.8M , the use of slow-rotation is perfectly justified
in the same spin range. These numbers also imply that
the fractional difference between the O(a3) eikonal ex-
pansion and the full Kerr QNM is essentially the same as
the precision of the full eikonal result. Moreover, Fig. 1
suggests that a more accurate O(a4) eikonal expansion
leads to a marginal improvement for medium/high spin
i.e. the range most relevant for GW observations.
V. CONCLUDING REMARKS
In this work we have produced general formulae for
the frequency and damping rate of the early ringdown
signal of general relativistic rotating UCOs. These ex-
pressions are based on the eikonal approximation and
the presence of an unstable circular photon orbit in the
UCO’s exterior spacetime and parametrise the deviation
from a Kerr black hole ringdown in terms of the body’s
multipolar structure. As an example, we have considered
a thin-shell gravastar model and quantified its ringdown
properties as a function of its compactness and spin.
Our results clearly suggest that GW ringdown obser-
vations moderately more accurate than the “champion”
detection so far (GW150914) could begin putting to the
test (at least) some of the proposed UCOs as alternatives
to black holes.
Our scheme should be viewed as complementary to on-
going efforts to model the late time w-mode/echoes por-
tion of UCO ringdowns [16, 20]. This could be partic-
ularly important in the event that these echoes are too
weak to be identified in the GW signal and instead one
would have to rely on the much stronger early ringdown
for making a reliable identification of the post-merger
remnant.
It is also conceivable that the ringdown signal could
receive contributions from the UCO’s fluid modes (e.g.
the f -mode) – a possibility that neither our scheme nor
any other in the topical literature has been designed to
face. However, a signal of this kind is expected to look
very different from a Kerr ringdown and therefore will be
a smoking gun proof of the presence of an UCO.
Armed with the appropriate ringdown templates, the
ultimate goal would be to carry out “spacetime map-
ping”, i.e. constrain the deviation of the multipolar
structure of compact objects from the known moments
of Kerr black holes (an idea first put forward in the con-
text of extreme-mass-ratio inspirals as GW sources for
LISA [46]).
Constructing rigorous match-filtering ringdown tem-
plates for an arbitrary UCO is not feasible yet but
as a first stab at the problem one could combine the
numerical fit formula for the exact fundamental Kerr
QNM/ringdown (the “offset function” of Ref. [42]) with
the O(Ω2) and O(Ω3) multipolar correction terms of
our Eqs. (10), (11). A template of this type would be
an ideal tool for observationally constraining the post-
merger spacetime’s deviation from Kerr. The waveform’s
overall accuracy could be enhanced by repeating the
present calculation at O(Ω4) accuracy using the formal-
ism of Ref. [39]. Furthermore, we could broaden our un-
derstanding of possible deviations by considering more
examples of rotating UCOs, such as boson stars [47] or
anisotropic stars [48].
Of course, this ambitious programme would also have
to deal with data analysis issues [49, 50] and/or with
UCOs that look very much like black holes (e.g. black
holes endowed with a quantum “firewall” structure at
the horizon [51], although the multipoles of these sys-
tems with rotation remain to be determined and their
ringdown is expected to contain late time echoes). Some
of these issues will be addressed in a future publication.
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